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Abstract. We define a generalization of Fan-Jarvis-Ruan-Witten the- 
ory, a "hybrid" model associated to a collection of quasihomogeneous 
polynomials of the same weights and degree, which is expected to match 
the Gromov-Witten theory of the Calabi-Yau complete intersection cut 
out by the polynomials. In genus zero, we prove that the correspondence 
holds for any such complete intersection of dimension three in ordinary, 
rather than weighted, projective space. These results generalize those of 
Chiodo-Ruan for the quintic threefold, and as in that setting, Givental's 
quantization can be used to yield a conjectural relation between the full 
higher-genus theories. 
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1. Introduction 

In the early 1990s, when the mathematical study of mirror symmetry was 
just beginning, physicists posited the existence of a Landau-Ginzburg/ Calabi- 
Yau (LG/CY) correspondence connecting the geometry of Calabi-Yau com- 
plete intersections in projective space to the Landau-Ginzburg model, in 
which the polynomials defining the complete intersections are studied as 
singularities instead [H] [19]. Mathematically, the theory on the CY side is 
the Gromov-Witten theory of the complete intersection, but it was not until 
2007 with the series of papers [lOj, ^^Ij, [12j that a candidate theory on the 
LG side was suggested, namely Fan-Jarvis-Ruan-Witten (FJRW) theory. In 
[6], the Gromov-Witten theory of the quintic threefold was shown to match 
the FJRW theory of the corresponding singularity in genus zero. 

The goal of this paper is to extend the results of [6j to certain complete 
intersections in projective space. In order to accomplish this, it is necessary 
to generalize FJRW theory, constructing a mathematical Landau-Ginzburg 
model associated to a collection of singularities rather than just one. The 
theory we construct is a "hybrid" model that combines aspects of FJRW 
theory and Gromov-Witten theory. 

The idea for the hybrid model, as well as the technical tools required for 
its development, were already known by a number of authors, and this paper 
owes a great debt to them. The initial definition of the hybrid moduli space 
was suggested by A. Chiodo, who explained it to the author and proposed the 
project on which this work is based. To define a virtual cycle for the theory, 
we use the method of cosection localization, which is due to Kiem-Li-Chang 
[1] [15]. Our application of the cosection method closely follows the work of 
Chang-Li p]; in fact, for the case of the quintic threefold, the construction 
considered in this paper is nothing but the Landau-Ginzburg analogue of 
their argument. The first application of cosection localization to the Landau- 
Ginzburg side is due to Chang-Li-Li, who use it in the upcoming paper [2] to 
give an algebraic construction of FJRW theory in the case of narrow sectors. 
This paper can be considered a generalization of their results. 

Via Givental's quantization machinery, the genus-zero LG/CY correspon- 
dence yields a conjectural relationship between the hybrid model and the 
Gromov-Witten theory of the complete intersection in higher genus. While 
computations of Gromov-Witten theory past genus 1 are currently beyond 
the scope of mathematicians' methods, the Landau-Ginzburg model is gen- 
erally thought to be more computationally manageable [6]. Thus, if the 
higher-genus correspondence could be verified, it would potentially open 
exciting avenues for Gromov-Witten theory. 



1.1. Main result. Given a nondegenerate collection of quasihomogeneous 
polynomials Wi, . . . , Wr G C[xi, . . . , x^], each with weights ci, . . . , cat and 
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degree d satisfying the Calabi-Yau condition 

N 

(1) dr = ^Cj, 

i=i 

there are two associated theories. On the Calabi-Yau side, one considers 
the complete intersection X in weighted projective space cut out by the 
polynomials. The cohomology of this complete intersection can be viewed as 
the state space from which insertions to Gromov-Witten invariants of X are 
chosen; for any choice of (^i, . . . , E Hqw = H*{X) and any ai, . . . , a„ G 
Z-^, there is a corresponding Gromov-Witten invariant 

defined as an intersection number on the moduli space of stable maps to X. 
The genus-zero invariants are encoded by a J-function 

Jcwit, z) = z+t+y2- ( t(^), . . . , t(v), ) (/^", 

n,l3 ^' \ ^ ^/ 0,n+l,,3 

where t(z) = to + + ^2^^ + • • • G i?Giy[-z] and ipa runs over a basis for 
Hgw- On the Landau-Ginzburg side, the polynomials Wi are regarded as 
the equations for singularities in C^. There is also a state space Hhyb, and 
its elements can be used as the insertions to hybrid invariants 

which are intersection numbers on a moduli space parameterizing stable 
maps to projective space together with a collection of line bundles on the 
source curve whose tensor powers satisfy equations determined by the poly- 
nomials Wi. These, too, are encoded by a J-function in genus zero: 

j;,,,(t,z) = ^+t + vl/t(V'),...,t(^),^\ ' r, 

^-^/o,n+l,/3 

where t{z) = to + hz + t2z'^ -!-•••€ Hhyh[z] and (pa runs over a basis for 
Hhyh. On either side, there is a grading on the state space, and the small 
J-function is defined by restricting to the degree- two component. 

The genus-zero Landau-Ginzburg/Calabi-Yau (LG/CY) correspondence 
is the assertion that there is a degree-preserving isomorphism between the 
two state spaces and that, after certain identifications, the small J-functions 
coincide. In this paper, we prove that the correspondence holds whenever 
the polynomials cut out a threefold complete intersection in ordinary, rather 
than weighted, projective space. This leaves only three possibilities for the 
complete intersection: the quintic hypersurface X^ C P^, the intersection 
of two cubic hypersurfaces ^3^3 C P^, and the intersection of four quadrics 
^2,2,2,2 C P'^. The first of these is the content of [6j, so we focus on the 
second two. 
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After verifying the state space isomorphism in these special cases (Propo- 
sition 13.2. ip , the strategy for proving that the small J- functions of Gromov- 
Witten theory and the hybrid model match is to relate each to an /-function. 
On the Calabi-Yau side, the definition of low and its relationship to Jew 
were shown in [13]. The /-function can be defined explicity as a hyperge- 
ometric series in the variable q = exp(tQ), where to = J2'^d^a and ifi G 
H'^{X). Expanded in the variable H € Hqw corresponding to the hyper- 
plane class, Igw assembles the solutions to a Picard-Fuchs equation. In our 
two cases of interest, the Picard-Fuchs equation are 



Igw = 



and 



Igw = 0, 



for the cubic and quadric complete intersections, respectively, where Dq = 
q-^. There is a "mirror map"- that is, an explicit change of variables 

/ ^ 9Gw{q) 
fGwiq) 

for C-valued functions gcw and fGW~ under which the small J-function 
Jgw matches Igw- 

lGw{q,z) J , , s 

= 

We provide an analogous story on the Landau-Ginzburg side for each of 
the examples mentioned above. Using the machinery of twisted invariants 
developed in [8], we construct a hybrid /-function in each case. These are: 

\4 



(2) hyb{t,z)= 

d>0 



Ze^ 2 ' h=d+l mod 3 



36LfJ J] {H^'^+^^+bzf 

d^-l mod 3 l<b<d 

b^d+1 mod 3 



for the cubic and 



T \ sr^ ze"- ^ ' b=d+i mod 2 

(3) E —^^ 

d^-l mod 2 l<b<d 

b^d+1 mod 2 

for the quadric, where t = t + Oz + Oz'^ + ■ ■ ■ lies in the degree-2 part of 
the Landau-Ginzburg state space. The key fact about these /-functions is 
that the family Ihybit, —z) lies on the Lagrangian cone Chyb on which the 
J-function is a slice, as we prove in Theorem 15. 3. 4[ This cone has a special 
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geometric property that allows any function lying on it to be determined 
from only the first two coefficients in its expansion in powers of z. Using 
the expressions ([2]) or ([3]), one can write 

hyb{t, z) = u^i^'it) ■ 1(1) • z + uj^y\t) + o(z-i) 

for explicit C-valued functions u)^^^{t) and uj2'^{t). We therefore obtain the 
following theorem: 

Theorem 1.1.1. Consider the hybrid model I -function ^ associated to 
a generic collection of two homogeneous cubic polynomials in six variables, 
whose coefficients when expanded in powers of i/^') span the solution space 
of the Picard-Fuchs equation 



Ihyh = 



for = and ^ = e^*. This I -function and the hybrid J -function Jhyb 
associated to the same collection of polynomials are related by an explicit 
change of variables ( mirror map ) 

Ihyb{t,-z) J ^ , ,/ ^2^^{t) 

— Stt = Jhvb(t , —zj, where t = -^—r — . 

u'iy\t) ' u'iy\t) 

The analogous statement holds for the hybrid model I-function ^ as- 
sociated to a generic collection of four homogeneous quadric polynomials 
in eight variables, for which the coefficients span the solution space of the 
Picard-Fuchs equation 

4" 



hyb — 



with = ^iT'd ^ = e^*. 

The fact that the hybrid /-functions assemble the solutions to the specified 
Picard-Fuchs equations is an easy consequence of the explicit expressions for 
these functions. These equations are the same as the Picard-Fuchs equations 
for the corresponding Calabi-Yau complete intersections after setting q = 
3~^tl^~^ OT q = 2~'^tlj~^, respectively. It follows that, if we use the state space 
correspondence to identify the state spaces Hqw and Hhyb in which the I- 
functions take values, then I^yb and the analytic continuation of lew to the 
■0-coordinate patch are both comprised of bases of solutions to the same 
differential equation, and hence are related by a symplectic isomorphism 
performing the change of basis. This establishes the following corollary. 

Corollary 1.1.2. In either of the two cases outlined above, there is a 
C[z, z^^]-valued degree-preserving symplectic transformation mapping I^yi, 
to the analytic continuation of lew near t = 0. That is, the genus-zero 
Landau- Ginzburg/Calabi-Yau correspondence holds in these cases. 
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1.2. Organization of the paper. We begin, in Section [2l by establishing 
some background on quashimogeneous singularities, orbifold curves, and 
orbifold stable maps. Section [3] is devoted to defining the state space for 
the Landau-Ginzburg model and proving in the two cases of interest that it 
is isomorphic to the state space on the Calabi-Yau side. In Section [H the 
quantum theory of the Landau-Ginzburg model is developed for arbitrary 
complete intersections of the same weights and degree in weighted projec- 
tive space. At the end of that section, we specialize to the two examples 
of interest, and in Section [H we place those two examples in the context of 
Givental's quantization formalism, proving that the Lagrangian cone encod- 
ing the hybrid theory can be obtained from the Lagrangian cone encoding 
the genus-zero Gromov-Witten theory of projective space. This leads to the 
definition of the /-function and the proof of the LG/CY correspondence for 
these two examples. 

1.3. Acknowledgments. The author would like to thank A. Chiodo for 
initially suggesting the problem, explaining the basics of the hybrid model, 
and giving many invaluable suggestions on earlier drafts. Y. Ruan also par- 
ticipated crucially in the development of the paper, by way of countless 
conversations, support, and advice. The state space correspondence consid- 
ered here is a very special case of an upcoming result of A. Chiodo and J. 
Nagel, whose argument inspired this one. The idea of using Kiem-Li's co- 
section technique to define the virtual cycle in the Landau-Ginzburg model 
is due to H-L. Chang, J. Li, and W-P. Li, and was first brought to the atten- 
tion of the author at a talk by J. Li at the 2011 Summer School on Moduli of 
Curves and Gromov-Witten Theory at the Institut Fourier. Special thanks 
are due to J. Li for teaching the author the cosection technique, and to H-L. 
Chang for correspondence that clarified this topic further. 

2. QUASHIHOMOGENEOUS SINGULARITIES AND ORBIFOLD CURVES 

2.1. Quasihomogeneous singularities. The type of singularities for which 
the hybrid theory is defined are as follows. 

Definition 2.1.1. A polynomial W € C[xi, . . . ,xn] is quasihomogeneous if 

(1) there exist positive integers ci, . . . , cat (known as weights) and d (the 
degree) such that 

WiX'^^xu-.-^X'^^XN) = X'^W{xi,...,xn) 

for all A G C and {xi, . . . , xat) G C^; 

(2) the charges qi := ci/d are uniquely determined by W . 

Let Wi{x\^ . . . ,xn), • • • , Wr{xi, . . . , xjy) be a collection of quasihomoge- 
neous polynomials in complex variables all having the same weights and 
degree. Such a collection is nondegenerate if the only x G for which all 
of the polynomials Wi and all of their partial derivatives vanish is x = 0. It 
satisfies the Calahi- Yau condition if equation ([T]) holds. All of the collections 
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of quasihomogeneous polynomials considered in this paper will be assumed 
nondegenerate and Calabi-Yau. 

Associated to such a collection is a group of symmetries. In order to 
define this group, we will prefer to think of the Wi as together defining a 
polynomial 

VF(x,p) =piWl{yL) H hPrWr(x) e C[X1, . . . ,XN,Pl,-- ■ ,Pr]- 

From this perspective, symmetries of the collection of polynomials are simply 
symmetries of W in the sense of FJRW theory. Explicitly: 

Definition 2.1.2. The group Gwi,...,Wr of diagonal symmetries of a collec- 
tion of quasihomogeneous polynomials of charges ci , . . . , cat and degree d 
is 

= {(«,/?) G(C*)^x(C*r I 

W(ax,/3p) = W(x,p) for all (x,p) G x C}. 

The group of diagonal symmetries always contains the subgroup 

J = {{t^^ . . . ,t^^ ,t-'^ , . . . ,t-'^) I t £ C*}. 

This is the analogue of the group denoted (J) in FJRW theory. There is 
an extra datum in the definition of FJRW theory that will not be present 
in the current paper: a subgroup G of the group of diagonal symmetries 
containing J. The theory developed here corresponds to the choice G = J. 

2.2. Orbifold curves and orbifold stable maps. Similarly to FJRW 
theory, the hybrid model concerns curves equipped with a collection of line 
bundles whose tensor powers satisfy certain conditions. Given that the mod- 
uli problem of roots of line bundles is better-behaved with respect to orbifold 
curves (see, for example, Section 1.2 of [4]), the underlying curves of the the- 
ory should be allowed limited orbifold structure. 

Definition 2.2.1. An orbifold curve is a one-dimensional Deligne-Mumford 
stack with a finite ordered collection of marked points and at worst nodal 
singularities such that 

(1) the only points with nontrivial stabilizers are marked points and 
nodes; 

(2) all nodes are balanced; i.e., in the local picture {xy = 0} at a node, 
the action of the isotropy group Z^, is given by 

{x,y) ^ iCkxXk^y) 
with a primitive A:th root of unity. 

The second condition is necessary in order to guarantee that nodal orbifold 
curves can be smoothed, or in other words, that they arise as degenerations 
of less singular curves. 

The moduli stack of orbifold curves is not separated; the problem arises 
from the possibility that different points may have stabilizers of different 
order (see Section 1.3 of [4]). Thus, we require a stability condition: 
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Definition 2.2.2. Let I € Z^. An £-prestable n-pointed genus-g curve is a 
proper connected orbifold curve C of genus g with n marked points such that 
all stabilizers have order £. Such a curve is i-stable if the coarse underlying 
n-pointed curve is stable. 

Let Ai^g „ denote the moduli stack of ^-stable n-pointed genus-5 curves. It 
is proper and smooth and has dimension 3g — 3+n; in fact, it is an alternative 
compactification of Mg,n, and differs from the usual compactification ^Ag^n 
only in the orders of the stabilizers over the boundary divisor [1]. 

Definition 2.2.3. An ^-stable n-pointed genus-g orbifold stable map of de- 
gree /3 is an orbifold morphism C ^ X, whose domain is an ^-prestable 
n-pointed genus-f? curve, for which /*[C] = /3 G H2{X;Z) and the corre- 
sponding map on coarse underlying spaces is stable. 

The moduli stack of such maps will be denoted M-^g j^{X,f3). Specifically, 
the families parameterized by this stack are of the form 

(4) (C,{S,})^A' 

TT 

T, 

where 

(1) Sj C C (i = 1, . . . , n) are disjoint substacks with isotropy, each of 
which is specified by a section of vr and hence is a trivial gerbe 
over T; 

(2) (C, {Sj}) is a family of genus-5 n-pointed ^-stable curves over T; 

(3) / is an orbifold morphism such that for each fiber C of vr, |/| : |C[ — ?> 
1^1 is stable and /*[C] = /3. 

Here and throughout this paper, |C| denotes the coarse underlying space 
of C, and |/| denotes the map on coarse underlying spaces induced by an 
orbifold map /. It should be noted that the second condition in the above 
is sometimes replaced by merely requiring that the Sj are disjoint substacks 
of C that form (not necessarily trivial) gerbes over T. 

2.2.4. Multiplicities of orbifold line bundles. Let C be an £-prestable curve 
and let L an orbifold line bundle on C. Choose a node n of C and a 
distinguished branch of n, so that the local picture can be expressed as 
{xy = 0} with X being the coordinate on the distinguished branch. Let g 
be a generator of the isotropy group Z^ at the node acting on these local 
coordinates by g ■ {x,y) = {Qx.Q'^y). 

Definition 2.2.5. The multiplicity of L at (the distinguished branch of) 
the node n is the integer m S {0, ... ,^ — 1} such that, in local coordinates 
(x, y, A) on the total space of L, the action of g is given by 

g-{x,y,\) = {Cix,Ci^yXr>^)- 
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In the same way, one can define the multiphcity of L at a marked point by 
the action of a generator of the isotropy group on the fiber. 

One extremely important property of the multiplicity is that it allows 
one to determine the equation satisfied by the coarsening of L on each of its 
components [3] [6] . Suppose that 

is an isomorphism between a power of L and a line bundle N pulled back 
from the coarse curve \C\ and Z C C is a smooth (that is, non-nodal) 
irreducible component of C. Let mi, . . . ,771^ be the multiplicities of L at 
the nodes where Z meets the rest of C, where in each case the distinguished 
branch is the one lying on Z. Let e : C — )• |C| be the coarsening map. If 
\L\ = e*A^, then we have an isomorphism 

(5) e,u:\L\'^^ ^N(^0\z\(^-J2mi[p,]^ , 

where pi, . . . ,pk are the images in \Z\ of the points where Z meets the rest 
of C. 

Since e is flat, \L\ is a line bundle; in particular, the fact that it has 
integral degree can often be used to find constraints on the multiplicities of 
L. Conversely, the multiplicities at all of the marked points and nodes of C, 
together with the bundle \L\ on \C\, collectively determine L as an orbifold 
line bundle. See Lemma 2.2.5 of [6j for a precise statement to this effect. 

3. Landau-Ginzburg state space 

Let Wi, . . . , Wr € C[xi, . . . , xat] be a collection of quasihomogeneous poly- 
nomials of the same weights and degree. In this section, we define the state 
space associated to such a collection and prove that in the cases of inter- 
est for this paper, there is a degree-preserving isomorphism between the 
Landau-Ginzburg state space and the state space for the Gromov-Witten 
theory of the corresponding complete intersection. 

3.1. State space. The state space of the hybrid theory is the following 
vector space: 

(6) nhyb[Wi,...,Wr) = Hcr[ J ,W ;CI, 

where W~^°° = (ReVF)^^((p, +00)) for p » and J acts by multiplication 
in each factor. 

As a vector space, Chen-Ruan cohomology is the cohomology of the inertia 
stack, whose objects are pairs ((x, p),7), where 7 G J, (x, p) G x (C \ 
{0}), and 7(x, p) = (x, p). The only elements of J with nontrivial fixed- 
point sets are those of the form 
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where t is a dth root of unity, so such elements index the components of the 
inertia stack. These components are known as twisted sectors. 

3.1.1. Degree shifting. As is usual in Chen-Ruan cohomology, we should 
shift the degree. 

Definition 3.1.2. Let 7 = (e^'^*®?, . . . , e^''*®?^, 1, . . . , 1) G J be an element 
with nontrivial fixed-point set, where Gj G {0, ^, • • • , ^^}- The degree- 
shifting number or age shift for 7 is 

N 

where qj are the charges defined in Definition 12.1.11 

Now, given a G T-LhybiWii • • • > ^r) from the twisted sector indexed by 7, 
we set 

deg-f^Ca) = deg(a) + 2^(7), 

where deg(a) denotes the ordinary degree of a as an element of the coho- 
mology of the inertia stack. This gives a grading on HhybiWi, . . . , Wr). 

3.1.3. Broad and narrow sectors. A twisted sector indexed by an element 
{t^'^, . . . , t^^ , 1, . . . , 1) G J will be called narrow if there is no i with t^' = 1. 
This condition ensures that the sector is supported on the suborbifold 

{0} X \ {0}) X (C- \ {0}) 

J ^ J ' 

whose coarse underlying space is P*"^^. Since the above is disjoint from 
W~^°° , the relative cohomology on these sectors is an absolute cohomology 
group, and indeed, each narrow sector is isomorphic to H*{F^~^). A sector 
that is not narrow will be called broad. 

3.1.4. Cases of interest. For most of the paper, we will restrict to the cases 
mentioned in the introduction, in which Wi , . . . , Wr define a threefold Calabi- 
Yau complete intersection in ordinary, rather than weighted, projective 
space. This leaves the following three possibilities: 

(1) r = l,d = 5, N = 5 (quintic hypersurface in P^); 

(2) r = 2, d = 3, = 6 (intersection of two cubics in P^); 

(3) r = 4, d = 2, A^ = 8 (intersection of four quadrics in P'^). 

The first case was handled in [6], while the second and third are considered 
here. 

In case (2), the state space is 
where C* acts via 

(7) \ixi,...,xe,pi,p2,P3) = (A,...,A,A-^A-^A'3). 
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The orbifold in question, then, is the total space of the orbifold vector bundle 
Op(3,3) (-1)®', where 

, ^^ \ {0}) X C 

<^P(3,3) (-1J = 

with C* acting with weights (3, 3, 3, — 1)Q The only broad sector is the non- 
twisted sector, while the twisted (narrow) sectors each contribute H*i¥^). 
Thus, the decomposition of the state space into sectors is: 

A similar analysis shows that the state space in case (3) is 

3.2. Cohomological LG/CY correspondence. In the two new cases 
mentioned above, we verify that the state space isomorphism, or cohomo- 
logical LG/CY correspondence, holds. This is only a simple special case of a 
general state space isomorphism for Calabi-Yau complete intersections that 
will be proved in upcoming work of Chiodo and Nagel [5], and which was 
discussed in a talk by J. Nagel at the Workshop on Recent Developments 
on Orbifolds at the Chern Institute of Mathematics in July 2011. 

Proposition 3.2.1. LetWi{xi, . . . ,xq) andW2{xi, . . . ,xq) he homogeneous 
cubic polynomials defining a complete intersection ^3,3 C P^. Then the hy- 
brid state space associated to these polynomials is isomorphic to the Gromov- 
Witten state space of X^^^; that is, 

(8) H*{Opi{-l)®^,W^"^) ® H*{F^) (B H*{¥^) ^ H*{X3^3). 

Moreover, this isomorphism is degree-preserving under the degree shift i3.1.2\) 
for the left-hand side. 

Similarly, there is a degree-preserving state space isomorphism for a col- 
lection of eight quadrics defining a complete intersection ^2,2,2,2 C P'': 

Proof. The three summands on the left-hand side of ([8]) have degree shifts 
—2, 0, and 2, respectively. Thus, the narrow sectors contribute one-dimensional 
summands in degrees 0, 2, 4, and 6. By the Lefschetz hyperplane principle, 
this matches the primitive cohomology of ^3^3, so all that remains in the 
cubic case is to prove that 

-+00, ^ f HHXs,3) k = 7 



F'=(Opl(-l)®^w^ 



|0 otherwise. 



^If one considers P(3, 3) as arising via the root construction applied to with its line 
bundle 0( — 1), this is the natural third root of the puUback of 0{—l) (see Section 2.1.5 
of M). 
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Similarly, in the quadric case, the only statement that is not immediate is 

_ /if3(X2,2,2,2) k=ll 



fl■'=(Cp3(-l)®^VF" 



otherwise. 



Both arguments are elementary, so we describe only the cubic case. 
The basic idea is to relate both state spaces to the quotient 

where C* acts with weights (1, . . . , 1, —3, — sjl. The subquotient where the 
coordinate is nonzero is Ops (—3)®^, and the Thom isomorphism implies 
that 

Letting A denote the complement of the zero section in this bundle, the long 
exact sequence of the triple (Op5(— 3)®^, ^, implies further that 

On the other hand, the subquotient of ([9]) on which the coordinate is 
nonzero is C'p(3^3)(— 1)®^, which also contains A as the complement of the 

zero section. The long exact sequence of the triple (Op(3,3) (— 1)®^, ^, W^°^) 
shows that 

^'(OF(3,3)(-l)®^ - H\A,W^^\ 
as required. □ 

4. Quantum theory for the Landau-Ginzburg model 

4.1. Moduli space. Let Wi, . . . , Wr be a nondegenerate collection of quasi- 
homogeneous polynomials, each having weights ci, . . . , cat and degree d. Let 
d denote the exponent of the group Gwi,...,Wr'i i-^-j the smallest integer k for 
which = 1 for all g G Giyi,...,VKr0 ^^o^ ^^^h i, set 

__ d 

Ci — Ci — , 

d 

where as usual d is the degree of the polynomials Wj, and Cj are the weights. 

Definition 4.1.1. A Landau-Ginzburg stable map is a tuple {C, f,L,ip), in 
which f : C ^ pr-i (i-stable orbifold stable map and L is an orbifold line 
bundle on C satisfying 

^®^ = rO(-l)^u;iog, 
in which the isomorphism is (f. 



In fact, this picture is extremely useful for understanding the motivation behind the 
LG/CY correspondence more generally. Even the moduli spaces on each side can be 
viewed as arising from such a dichotomy; see Remark 14.2.41 

o 

In the examples of interest in this paper, we will have d = d, but this is not necessarily 
the case in general. 
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Definition 4.1.2. The hybrid model moduli space is the stack A^^ ,,(P'"-\/?) 
parameterizing n-pointed genus-5 Landau-Ginzburg stable maps of degree 
/3, up to isomorphism. 

Remark 4.1.3. Landau-Ginzburg stable maps can be viewed as tensor 
products of stable maps to F{d, . . . ,d) and spin structures. Indeed, the 
datum of a stable map to P(d, . . . ,d) is equivalent to a map f : C ^ pr-i 
together with a dth root of the line bundle f*0{l), while a spin structure 
on C is a dth. root of wiog. 

Remark 4.1.4. It would in some sense be more natural to define Landau- 
Ginzburg stable maps as maps to a weighted projective space P(d, . . . ,d) 
rather than the coarse underlying F^~^. In fact, though, this is equivalent 
to what we have done, since if / : C — )• F{d, . . . , d) is a d-stable orbifold 
map and there exists a line bundle L on C such that L^"^ = f*0{—l) (Siwiog, 
then f*0{—l) is forced to have integral degree, which implies that / factors 
through a map to P*""^. 

Remark 4.1.5. In the case where r = 1, the above is not exactly the same 
as the moduli space of VF-structures in FJRW theory. However, Proposition 
2.3.13 of [6j shows that the map 

{C, /, L, ^) ^ (C, (L^^i , (^^), . . . , {L^'^ , ^^)) 

is surjective and locally isomorphic to Bfi^ — > so integrals over 

Wg^n,{j) can be expressed as integrals over A4g,^ {F^,0), and the correlators 
defined below agree with those in FJRW theory. 

4.1.6. Decomposition by multiplicities. With this analogy to FJRW theory 
in mind, one obtains a decomposition of the hybrid moduli space just as in 
Proposition 2.3.7 of [6]. The condition that 7^ € J implies that there exists 

e^'^*"d^ G such that e^'^* ^ = e^'^* ^ for all j, so 7^ is determined by 
rrii G {0,1, ... ,d — 1}. Let 

mi,...,m„&d 

where M'^ / ^(F^'^'^,B) is the substack in which the multiplicity of 

L®'^i at the ith marked point is rriij = micj mod d, or equivalently, the 
multiplicity of L at the ith marked point is mj. The following terminology 
will be used later: 

Definition 4.1.7. A marking or node is called narrow if all of the line 
bundles L®'^^ , ■ ■ ■ , L®^'^ have nonzero multiplicity mj j- € Z^, and is called 
broad otherwise. (In the literature, these situations are sometimes referred 
to as Neveu-Schwartz and Ramond, respectively.) 
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Remark 4.1.8. It is no accident that this terminology coincides with that 
used for sectors of the state space in Section 13.1.31 Indeed, elements of J 
index both sectors of the state space and components of the moduli space, 
and the narrow sectors of the state space correspond to components of the 
moduli space in which every marked point is narrow. 

4.2. Virtual cycle. In order to define a virtual cycle on the hybrid moduli 
space, we will make use of the cosection technique developed in [15], [1], and 

m- 

4.2.1. Construction of the virtual cycle. Since the hybrid model correlators 
will be defined as integrals over the substacks , ^ ^(P'■~^ /?), it suf- 
fices to define a virtual cycle on each of these. In fact, we will only define 
the virtual cycle in cases where m^j- 7^ G for all i and j. This implies, 
in particular, that rm > 1 for all i. 

By passing to the coarse underlying curve and applying (l5|), one sees 
that an element (C, /, L, ip) G ^ ^(P^~^, /3) is equivalent to a tuple 

(C, /, L, ip) in which f : C ^ pr-i -g ordinary (that is, not orbifold) 
stable map and (p is an isomorphism 

L^d^ f*O{-l)0uios(i^o(^-f2rn,[xi]j . 

It will be helpful in what follows to view A4'^ sfP'^^"'^, /3) from this 

perspective. 

Consider the stack V parameterizing tuples {C, f, L,ip, si, . . . , sjy), in 
which (C,/,L,vp) G A^^,(^,,...,„„)(F"-\/3) and Si G H\C,L®^^). This is 
in general not proper; it should be viewed as the Landau-Ginzburg ana- 
logue of Chang and Li's moduli space of stable maps with p-fields [I]. In 
their paper, Chang and Li exhibit a relative perfect obstruction theory on 
V relative to the Artin stack T>g parameterizing genus-(7 curves with a line 
bundle of fixed degree. While the present situation also requires marked 
points, the same construction applies. Namely, let Vg^n be the moduli stack 
of genus-fjf, n-pointed curves with a line bundle of fixed degree. Then there 
is a relative perfect obstruction theory 

where ^ is the universal line bundle over 7^, vr : C-p — 7^ is the universal 
family, and ^ = f*0{l). 

In particular, Obv/v,,^ = i?^vr*(if®^i • • • i?i7r*(/*0(l)®'^), 

and the polynomial W defines a cosection- that is, a homomorphism 

a : Obp/^^ ^ Ov- 

To define a, fix an element ^ = (C, /, L, si, . . . , sat) G and let ti = f*Xi 
where Xi G H^{¥^~^, 0(1)) are the coordinate functions. The fiber of a over 
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^ is the map 

given by sending (si, . . . , sat, ti, . . . , t,.) to 

/ ^ '^'q^^^^' ■ ■ ■ , SN,h, ■ ■ ■ ,tr) ■ Si — "Q^^^^' ■ ■ ■ , SN,tl, ■ ■ ■ ,tr) 'tj. 

For example, f^('Si, . . . , sat, ti, . . . , t^) lies in 

^ i=i ^ 

which is canonically isomorphic to by Serre duahty, and this 

shows that the second term defines an element of C; the first term works 
similarly. Note that the above inclusion relies crucially on the fact that 
nii > 1 for all i. 

The degeneracy locus of a is the substack P(cr) of V on which the fiber 
of a is the zero homomorphism. This is the locus on which the localized 
virtual cycle will be supported. 

Lemma 4.2.2. The degeneracy locus of a is precisely M'^ ^ -^(P''^^,/?). 

Proof. The hybrid moduli space Al^ m„)(^^~^ ^ embeds in V as the 
locus where si = • • • = sat = 0, and it is clear that the fiber of a is identically 
zero on this locus. Conversely, if (si, . . . , sat) 7^ 0, then either (si, . . . , sn) 
does not lie in the common vanishing locus of the polynomials Wi, or there 
is some i for which not every ^^(si, • • • , sn) vanishes. In the first case, if 
Wj{si, . . . , Sat) / 0, then one can choose ij so that 

dW 

Wj{si, . . . ,Sn) ■ tj = "^(■5l> ■ ■ ■ ,SN,ti,. . . ,tr) ■ tj ^ 0, 

SO taking all other tj's and all Sj's to be zero shows that the fiber of a over 
^ is not identically zero. In the second case, independence of the sections tj 
shows that 

Z^tj-Q^KSi,. . . ,Sn) = -^[Si,...,SN,tl,...,tr) / 0. 

j=i * * 

Thus, there exists Si such that ff^(si, ■ ■ ■ ,SN,ii, ■ ■ ■ ,tr) ■ Si 7^ 0, so again 
one can choose all other Sj's and all tj's to be zero to see that the fiber of a 
over ^ is not identically zero. □ 

By studying a a bit more carefully, one can obtain a localized virtual cycle 
relative to A^g,n rather than Vg^n^ To do so, consider the deformation exact 



^The following argument was suggested by H.-L. Chang in correspondence with Y. 



Ruan. 
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sequence 

(10) Tv,.jM,,^ ^ Obr/v,^^ ^ Ob^i^^^ ^ 0. 

The deformation space T-j^^ n/jAg „ parameterizes deformations of a line bun- 
dle fixing the underlying curve, so its fiber over ^ is H^{C, Oc)- The map r 
can be viewed fiberwise as 

N 
i=l 

Here, ri is the dual of the map given by 

N 

(11) {qi,- ■ ■ ,<in) ^"^qiSh 

1=1 

and T2 is dual to the map H°{f*0{-1) (g) u)®'' H^{u;) given by 

r 

J=l 

in other words, T2 arises via the Euler sequence on P^~^. Thus, with (jlOp in 
mind, we can view Obp^j^^^ as coker(r). 

Lemma 4.2.3. The composition a or vanishes. Therefore, a descends to a 
cosection for the perfect obstruction theory of V relative to Mg^r, 



Proof. If we write ri(n) = {tI{u), . . . ^t^ {u)) and similarly for r2, then we 
have 

N 



i=l j=l -' 

in which s = (si, . . . , sat) and t = (ti, . . . , tr). Here, we can view t\{u) G 
H^[L^~'^' (g) uj)'^ , while, as above, the fact that mj > 1 for all i shows that 

^(s, t) G H°{L^(d-^') ^ r 0(-l)) H^iL^'"^ ® w). 
Thus, ([IT]) shows that 

|:^.<,„)(g)<M)-E.i(..)(f(M)) 

2 — 1 J — 1 

1=1 j=i 

This vanishes by the quasihomogeneous analogue of the usual Euler identity 
for derivatives of homogeneous functions, since if Xi has weight q and pj has 
weight — d, then W has degree zero. □ 
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As a result of Lemmas 14.2.21 and 14.2.31 one can apply Theorem 5.1 of [15] 
to conclude that there exists a localized virtual cycle [PW^^ supported on 
M.'^g (mi mn)^^~^ ^ 1^) '^hich pushes forward to the ordinary virtual cycle of 
V relative to Mg^n under the inclusion. This is the definition of the virtual 
cycle of the hybrid moduli space. 

Remark 4.2.4. To understand the motivation for this construction, and 
indeed for the LG/CY correspondence more generally, it is helpful to realize 
that V embeds into the moduli space © of sections (see Section 2.2 of yij) 
associated to the diagram 



V. 



in which Cx>g „ is the universal family, ^ = uji^g^ and Vb denotes 

the total space of the indicated vector bundle. Specifically, V can be viewed 
as the substack of 6 in which the r sections of =^ parameterized by © 
together define a stable map to P*""^. The perfect obstruction theory on V 
that we have used is the restriction of the perfect obstruction theory on © 
constructed in Proposition 2.5 of [Ij. 

If, on the other hand, we had considered the substack of © in which the 
sections of ^ . . . ^_5f®cjv together define a stable map to P(ci, . . . ,cn), 
then the resulting moduli space would parameterize stable maps to this 
weighted projective space together with sections tj € H^{f*0{—d) (S) ujiog) 
for j = 1, . . . , r, assuming that the Gorenstein condition (I12p is satisfied. At 
least in the case where there are no marked points, the cosection a would 
still be defined on this new moduli space, and its degeneracy locus would 
be the moduli space of stable maps to the complete intersection Xjy C 
P(ci, . . . , Cat). That is, repeating the construction detailed above in this 
new context, one would arrive at the moduli space for the Gromov-Witten 
analogue 

Remark 4.2.5. An unfortunate consequence of our use of the cosection 
construction, as opposed to the Witten top Chern class construction of [3] 
and [16], is that our correlators do not obviously agree with those defined 
in [6], and thus it is somewhat misleading to claim that the present paper 
generalizes that one. For the time being, we will avoid the issue and simply 
allow that the virtual cycle is defined differently in the hypersurface case. 



On the other hand, this does not imply that the virtual cycle obtained in this way 
is the usual virtual cycle on the moduli space of stable maps. In the special case where 
r = 1 and Wi{xi, . . . , xs) is the quintic, this is proved in [1]. 
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4.2.6. Virtual dimension. Let ^ = (C, f, L,Lp, si, . . . , s^) E V. The virtual 
dimension of V/Vg^n at ^ is 

and an easy Riemann-Roch computation using ([5|) shows that this equals 



n N 

{N-r){l-g)+rn-Y,Y.^-^- 



Since 



vdim(Pg.„) = vdim{'Dg.n/Mg^n) + vdim(Xg,„) 
= (/iO(Oc)-l) + 35-3 + n 
= 4^-4 + 71, 

we find that the virtual dimension of V/Mg^n at ^ equals 

n N N 

(^N-r-4){l-g) + ir+l)n-Y, E = vdim(AT,,„(P'^-\ /3))+ 

j=i j=i j=i 

4.2.7. Virtual cycle in genus zero. In genus zero, the definition of the virtual 
cycle simplifies substantially, under the Gorenstein condition 

(12) Cj\d for all j. 

Indeed, if this hypothesis is satisfied and L is a line bundle satisfying the 
requirements of V, then the bundles L^^^ have no global sections. To see 
this, one simply must compute the degree of such a line bundle using the 
fact that on each irreducible component Z of the source curve C, 

/ n \ 



Here, the xj are the special points on Z and the niij are the multiplicities 
of L^'^J at those special points, and we are once again using that the mul- 
tiplicities at all marked points are nonzero. This equation implies that the 
degree of L^'^^\z is negative, so if C is itself irreducible, it follows that L^'^^ 
has no global sections. If C is reducible, the claim still follows by an easy 
inductive argument using the fact that deg(-L®'^-' \z) < k — 1, where k is the 
number of points at which Z meets the rest of C. 

Because of this observation, "P = ^ ^(P*""^,/?). In this situation, 

the cosection localized virtual cycle is the same as the ordinary virtual cycle 
of A^o (ffjj m„)(^^~^''^) defined by way of the relative perfect obstruction 
theory E^^^^^. Furthermore, abbreviating ^A = -Mq ^^^{F^~^,f3) 

and Y = A^o,n(P'^~^) the smoothness of the moduli space in this case 
implies that 



[MY'' = CtopiObj^^y) n [>lo,n(F 



r-l 
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where [Alo,n(IP"' "^-,1^)] denotes the puhback of the fundamental class on Y 
to M under the map that forgets L. Using the exact sequence 

M/Vg^n 'I'^a,^ M/Y M/T>g^n ' 

one finds that Obj^^y = R^'k^{T'^''^®- ■ ■(ST'^"^), in which T is the universal 
line bundle on Ai. Thus, we obtain the formula 

[MV'' = Ctop(i?V,(r®^i e • • • e T'^'n) n [>fo,n(P''"\/3)] 

for the virtual cycle in genus zero. 

4.3. Correlators. In analogy to Gromov-Witten theory, correlators will be 
defined as integrals over the moduli space against the virtual cycle. 

4.3.1. Evaluation maps and psi classes. The classes that we integrate will 
come from two places. First, there are evaluation maps 

evr.M'g,ni^'-\P)^¥'-^ i = l,...,n, 

given by (C, /, L, ip) /(xj), where Xj G C is the zth marked point. There- 
fore, we can pull back cohomology classes on p*"^! to obtain classes on the 
hybrid moduli space. 

Second, there are classes 

for i = l,...,n, defined in the same way as in Gromov-Witten theory. 
Namely, ipi is the first Chern class of the (orbifold) line bundle whose fiber 
at a point of the moduli space is the cotangent line to the orbifold curve at 
the ith marked point. Note that this differs from the definition of V'j used 
in in which the cotangent line was always taken to the underlying curve; 
we will denote these "coarse" psi classes by tp^. The two are related by 

ipi = dtpi. 

4.3.2. Definition of correlators in the narrow case. We will only define cor- 
relators when all insertions are drawn from the narrow sectors of the state 
space. 

Definition 4.3.3. Choose (/ji , . . . , G 'Hhyb{Wi, . . . , Wr) from the narrow 
sectors and ai,...,a„ > 0. As explained in Section [3.1.31 each can 
be viewed as an element of H*{¥'^~'^). Each also defines an element 7^ G 
J indicating the twisted sector from which it is drawn, and we let rrij G 
{0, 1, . . . , d — 1} be such that 



7i = (e d ,...,e d ,1,...,1). 



Define the associated hybrid model correlator {Tai{4>i) ■ ■ ■ Ta„{4'n))'^^n i3 *o 
(13) T-TT eYl{cp,)ri'---evUMrn, 

'i^&KP) JIM'' , ,(P'-i,/3)]""- 
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where 

1=1 ^ ^ 
and deg{p) denotes the degree of the map 

given by forgetting the M^-structure and passing to the coarse underlying 
source curve. 

The strange-looking sign choice in this definition is a matter of conve- 
nience, following equation (50) of [TI]. In genus zero under the Goren- 
stein condition (jl2p . D is precisely the rank of the obstruction bundle 
and deg(p) = ^ whenever the substratum over which we are integrating 
is nonempty. Thus, the above is equivalent in such cases to 

d f evt(,/.i)V^^i ...ev:(</>„X"ctop((i?V,(r^^i •••r^^-))^), 

where m = (mi, . . . , m„). 

4.3.4. Broad insertions. The easiest way to extend the above theory to allow 
for broad insertions is to set a correlator to zero if any of its insertions comes 
from a broad sector. In order to ensure that the resulting theory satisfies 
the decomposition property required of cohomological field theories, though, 
it is necessary to verify a Ramond vanishing property. This holds whenever 
the Gorenstein (fT2]l is satisfied]! 

Proposition 4.3.5 (Ramond vanishing). Suppose that for alii and j, Cj\d 
and ruij ^ 0. Let D C Mq ^{¥''~^ , (3) be a boundary stratum whose general 
point is a source curve with a single, broad node. Then 

(14) [ e^;t(</)iX^---e<(<A„)C"Ctop((i?'vr,(r®^ie---er®'='^))^)=0 
Jd 

for any ai, . . . , o„ € Z-^ and any (/>!,..., 0„ € H*{F^~^). 

Proof. Let C = Ci U C2 be the decomposition of a fiber of vr in D into 
irreducible components, and let n be the node at which the components 
meet. Consider the normalization exact sequence 

Tensor with L®'^^ © • • • © L'^^^ and take the associated long exact sequence 
in cohomology to obtain the following equality in X-theory: 

(©r^"^) = R\4®T^"'\n) + i?V*(©r®"^|ci) + R'M®T^"'\c,). 

Here, we use that iJ°(L®'^J |c.) = for all i and j, as an easy degree com- 
putation shows. 

^The argument below was substantially simplified by a suggestion of A. Chiodo. 
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The key point is that, since n is broad, orbifold sections of L®^^ over n 
are the same as ordinary sections over the coarse underlying curve. More 
precisely, let N : D ^ '^^ he the section of the universal curve defined by 
the node n. Then 

Qop(i?°vr*(er®^^|n)) = iv*ctop(er®'=0, 

and since (7''^^^)®^ ^ ^j^c^ ^ f^^. ^^^-j^ ^-^^ above equals 

N 

n d (^*°p(^io? l") + ctop{N*rOi-c,))) . 

In this expression, ctopiio^^g \n) = 0, since the restriction of a;iog to the locus 
of nodes is trivial. Furthermore, f o N = ev„, so we can rewrite the above 
as 

^ 1 1 

n -^ev^ctopiOi-c,)) = _ev:ctop(0(-c,)®^), 
i=i 

which is zero because 0{—Cj)®^ is an A^-dimensional bundle on an r- 
dimensional space and N > r. 

It follows that one of the summands in the expression for i?^7r*(0T®'^^ ) 
has trivial top Chern class, so the integral in ()14p vanishes. □ 

This ad hoc definition of the broad correlators has the disadvantage that 
it technically necessitates a tedious case analysis in later results involving 
the correlators. However, analogously to Proposition 2.4.5 of [6], one can 
unify the broad and narrow cases in genus into a single geometric definition 
by slightly modifying the moduli space. In light of this, we will ignore the 
subtleties of the case analysis in what follows. 

4.3.6. Multiplicity conditions. Certain tuples of multiplicities correspond to 
empty components of the moduli space, so the resulting correlators clearly 
vanish. Indeed, ([5|) and the subsequent discussion imply that if mi, . . . , m„ 
are as in Definition ff.3.3t then (^Tii^cpi^ ■ ■ ■ Tn{^(f)fi 

))^g^n 13 vanishes unless 

n 

(15) 2g - 2 + n- 13 - ^mi = Q mod d. 

1=1 

This selection rule will be useful later. 

4.3.7. Correlators in the cases of interest. Let us again restrict attention to 
the two cases described in Section 13.1.41 which we refer to as the cubic case 
and quadric case, respectively. Applying the remarks at the end of Section 
14.21 together with formula ()13p . we obtain the following explicit formula for 

{Tai{(t>i) ■ ■ ■ 'TaA(t>n))^g^n,d ^he cubic casc: 

3 / evl(</.iX^ ■■■ev:(<A„)C"Qop((i^l7r,r)^)^ 
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where rui E J = indexes the twisted sector from which (pi is drawn, and 
we set the correlator to if any nii = 0. Similarly, in the quadric case, 
(Tai(0i) • • • T-a„(0n))gJd is given by 

2 / evl{<t>^)ri' ■ ■ ■ ev;(,/)„)C"Ctop((i?i7r,r)^)^ 

5. Proof of the correspondence in genus zero 

In both Gromov-Witten theory and the hybrid model, the genus-zero the- 
ory can be realized as a Lagrangian cone in a certain symplectic vector space. 
Because the genus-zero hybrid invariants are described via a top Chern class, 
they fit into the framework of twisted invariants described in ^ , and Given- 
tal's quantization formalism provides a tool for realizing them in terms of the 
corresponding untwisted theory, which is simply the Gromov-Witten theory 
of projective space. The following section describes this process in detail 
and uses it to prove the LG/CY correspondence in the two cases of interest. 

5.1. Givental's formalism. For the sake of expository clarity, we will de- 
scribe the setup in the case of the cubic singularities first, commenting briefly 
on the requisite modifications for the quadric case at the end. 

5.1.1. The symplectic vector spaces. It is convenient to modify the state 
space slightly, replacing the broad sector with another copy of H*(F^) to 
obtain 

Hhyb = ^o*(lP') © Hl{F^) e H;{F^). 
The subscripts denote the multiplicities to which the summands correspond. 
This modification does not affect the correlators, since they vanish when any 
insertion is broad. We will write (j)^'^^ for an element (j) S H*{¥^) coming 
from the summand H^(F^). 

This vector space is equipped with a nondegenerate inner product (or 
Poincare pairing), denoted ( , )hyb and defined as 

(ei,e2W = (ro(Gi)ro(e2) i«)go- 
The symplectic vector space we will consider is 

Vhyb = Hhyb0C{{z~^)), 

with the symplectic form ^Ihyb given by 



^hybif,g) = ^es^=Qy{f{-z),g{z))hyb 

This induces a polarization Vhyb = Vj^yb © V^^^, where V^y^^ = Hhyb ® C[z] 
and Vj^y^ = z-^Hhyb ^ C[[z-% Thus, we can identify Vhyb symplectic 
manifold with the cotangent bundle to V^yb- element of Vhub can be 
expressed in Darboux coordinates as Ylk>o Ik'^aZ^ + Yli>oP^,l3'^^(~^)~^~^ ^ 
where {(pa} is a basis for Hhyb- 
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Analogously, there is a symplectic vector space on the Gromov-Witten 
side [6]. The restriction to narrow states is mirrored in that setting by the 
restriction to cohomology classes pulled back from the ambient projective 
space, which are the only ones that give nonzero correlators. Let Hqw 
denote the vector space of such classes: 

3 

HgW = /^^''^"(X3,3) = ©[i^'^lC, 

where H is the restriction to ^3^3 of the hyperplane class on the ambient 
projective spaceQ The symplectic vector space Vgw on the Gromov-Witten 
side is defined as above, and the usual Poincare pairing on Hqw induces a 
symplectic form in the same way. 

5.1.2. The potentials. Defining the correlators in the hybrid theory as above, 
the generating function for the genus-;? invariants is 



n,d 



where t = to + hz + t2z'^ + • • • G ff/ij^;,[[2:]]. These generating functions fit 
together into a total-genus descendent potential 

\g>o 

In the same way, one can define a generating function for the genus-g 
Gromov-Witten invariants of the corresponding complete intersection, 

n,d 

where t = to + hz + t2z'^ + • • • € ffcvFli-^]]- These, too, fit together into a 
total-genus descendent potential Vqw- 

5.1.3. The Lagrangian cones. In the Gromov-Witten setting, the dilaton 
shift 

Qk=tt-l-z 

makes J^\y into a power series in the Darboux coordinates g^, where 1 
denotes the constant function 1 in H^. In this way, the genus-zero Gromov- 
Witten theory is encoded by a Lagrangian cone 

J^Gw = {(q,p) I P = d^T^w} C '^GW, 



Of course, to be completely symmetric, we might want to add an additional two- 
dimensional summand to Haw, as we did for Hhyb, and define the correlators to vanish 
if any insertion comes from this summand. Since we will not be doing any computations 
on the Gromov-Witten side, we will ignore this asymmetry and leave Hqw as above. 
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where we use the Darboux coordinates (q, p) defined above to identify Vgw 
with the cotangent bundle to its Lagrangian subspace Vq^^. As proved in 
[8], jCgw is a Lagrangian cone whose tangent spaces satisfy the geometric 
condition 

(16) zTfCcw = ^GW n TfCcw 

at any point. 

The same story holds in the hybrid model, but it is important to note 
that in the dilaton shift 

qt=tt- 1(1) • 

the unit is the constant function 1 from the summand of the state space 
corresponding to multiplicity-! insertions. Under this dilaton shift, we again 
have that J^yi, is a function of q G "^hyb hence we can define 

^^hyb = {(q,P) I P = dqJ^°j/J C Vhyb- 

Since the hybrid theory also satisfies the string equation, dilaton equation, 
and topological recursion relations, the same geometric condition holds for 
this cone as for the Lagrangian cone of Gromov-Witten theory. 

On either the Gromov-Witten or the hybrid side, we define the J-function 

Jhyb/Gw{z,t) = -lz + t + ^( t,...,t, _ ° , ) 

n,d \ ^ V/0,n+l,d 

where (j)a ranges over a basis for Hj^yi^jQy/ with dual basis In other words, 
J{z,t) is the intersection of the Lagrangian cone with the slice {—Iz + 1 + 
V^} C Vhyb/Gw- It is a well-known consequence of (fT6|) that this slice 
determines the rest of the Lagrangian cone, so the J-function specifies the 
entire genus-zero theory. 



5.1.4. Twisted theory. The strategy for determining J^yb is to introduce pa- 
rameters that will interpolate between the hybrid invariants and the ordi- 
nary Gromov-Witten invariants of projective space. One can always define 
a multiplicative characteristic class Kq{X) H*{X]C) by 



X i-T- exp Sfcchfc(a 



When Sfc = for all k > 0, the result is a constant map sending every 
K-class to the fundamental class, while if we set 



(17) 



Sk 



'-61n(A) k = 

6{k-l)\ 



A: > 0, 
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then the resulting class satisfies 

exp f J^Sfcchfc(-[y]) I =ec*{V 



V\6 



, A:>0 



for any vector bundle V equipped with the natural C* action scaling the 
fibers. (The reason for passing to equivariant cohomology is to ensure that 
the above is invertible.) We will typically denote 



c{x) = exp ^Skc\ik{x) 



when the parameters are taking unspecified values. 
Extend the hybrid model state space to 

where 

R = C[X][[so,s,,...]]. 

Then, for any (pi, . . . ,(j)n S Htw and ai, . . . , € Tj-^, define the correspond- 
ing twisted hybrid invariant {Ta^{(pi), . . ■ ,TaS(kn)Y^n,d 



where T denotes the universal line bundle on the universal curve over 
Ml^ir\d), p : Ml^ir\d) Mg^ri{^\d) is as in Section 11331 and 
we define invariants to be zero if any of the insertions comes from the broad 
sector of the state space. We will sometimes adopt the notation of [8j and 
write the above as 

(Tai(0l), • • ■ ,ra„i4>n);c{RTT^T))g,n,d^ 

or more generally, write a cohomology class on the universal curve after a 
semicolon to indicate that it is part of the integrand but is neither a ip class 
nor pulled back from the target space. 

Via these invariants, Htw is equipped with a pairing extending the pairing 
on Hfiyi,: 

(Oi, 62)*^ = 3 /" _ evJ(Gi) ev^(e2) ev^l^^)) c(fi^,r). 

We can then set Vtw = 'S' C{{z~^)) , and this is a symplectic vector space 
under the symplectic form induced by the twisted pairing. The definitions 
of the genus-(7 potential, total descendent potential, and Lagrangian cone all 
generalize directly, and we thus obtain the twisted Lagrangian cone Ctw C 
Vtw It is no longer obvious that this is indeed a Lagrangian cone, but this 
will follow from Proposition 15 . 2 . ll 
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5.1.5. Untwisted theory. Let Vun denote the symplectic vector space ob- 
tained by setting Sk = for all A; > 0, and similarly Hun and Cun- Note that 
Cun encodes the correlators {va^ {(f>i), ... , Ta„((/'n))o" d' which are given by 



3 / _ evl(0iX^-..ev:(</.OC-. 



When the selection rule (llSp is satisfied so that the component of the hybrid 
moduli space over which we are integrating is nonempty, these are simply 
the Gromov-Witten invariants of (the factor in front cancels with the 
degree of p). In particular, the untwisted J-function is known explicitly. 

We will use the untwisted Lagrangian cone to determine the cone Chyb- 
This can be viewed as a two-step procedure. First, Chyb can be obtained 
from Ctw by taking a limit A ^ and setting the parameters Sk to the values 
in (fT7|) . so that 

which is what appears in the hybrid model correlators. Then, Proposition 
15.2.11 demonstrates that Ctw can in turn be recovered from Cun- 

5.1.6. The quadric singularities. All of the above is defined analogously in 
the other example of interest. In that case, 

Hhyb = H^ir'^)(BHl{F'^). 

The hybrid Poincare pairing is defined by the exact same formula, and we 
obtain a symplectic vector space Vhyb = H^yb ^ C{{z~^)). The symplectic 
vector space on the Gromov-Witten side is now Vgw = Hqw ^ 'C{{z~'^)), 
where 

3 

HgW = H''-^{X2,2,2,2) = ©[^'^IC 

h=0 

and H is the restriction to X2,2.2,2 of the hyperplane class on P''. The 
genus-g generating functions and total-genus descendent potentials on both 
the hybrid and the Gromov-Witten side are defined just as before, and again 
the genus-0 theory on each side is encoded by a Lagrangian cone which is 
determined by the slice cut out by a J-function. 

A twisted theory is again introduced, though now the values of s^ that 
give the hybrid theory are 



(18) Sk 

since the virtual class in genus is ctop{{R^T^*TY)^ in this case. The state 
space is extended to 

Htu, = {H*q{F'^) ® Hl{¥^)) ® R 
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for R = C[A][[so, si, . . .]], and twisted hybrid invariants are defined as 

for (/>!,..., G Htw and oi, . . . , S Z-*^. These permit the definition of 
the twisted Poincare pairing and hence the twisted symplectic vector space. 
When A ^ and the parameters are set to the values in (jlSp . we obtain 
the hybrid theory for the quadric singularity, while the untwisted theory 
(when Sk = for all k) gives the Gromov-Witten theory of P^. 



5.2. Lagrangian cone for the Landau-Ginzburg theory. Recall that 
the Bernoulli polynomials Bn{x) are defined by the generating function 



ze 



n=0 



n! 



1 



Proposition 5.2.1. (a) Let Vtw denote the symplectic vector space asso- 
ciated to the cubic singularities Wi{xi, . . . ,xq), . . . , Ws{xi, . . . ,xq), and 
let A : Vun ^tw be the symplectic transformation 



( 



0exp 



£=0 



exp( 3-)fc+i- 



^m— 1 



1 'c>0 
\m>0 



ml 



J 



Then Ctw = ^{Cun)- 
(h ) Let Vtw denote the symplectic vector space associated to the quadric sin- 
gularities 14 (xi, . . . , xs), • • • , V4(xi, . . . , xg), and let A : Vun Vtw be 
the symplectic transformation 



A 



e 

1=0 



exp 



E 

\m>0 



Bn 



\ 



Sk- 



■ exp(- 



2 yfc+1— 



Then C 



tw 



Proof. We will prove part (a) of the Proposition; the proof of part (b) is 
almost identical, so we will omit it. 

Let us begin by reducing the statement to something more concrete. 
According to the theory of Givental quantization, the desired statement 
Ctw = ^(Cun) will be implied if we can demonstrate that Vtw = ^(Vun)- 
In fact, it suffces to show that T>tw ^ A(I'„„), where the symbol ~ denotes 
equality up to a scalar factor in R, since Htw is a cone and hence is un- 
affected by scalar multiplication. Furthermore, Vtw ~ A(2?„„) if and only 
if this holds after differentiating both sides with respect to Sk for all k. If 
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Ck '■ Vun Vtu, denotes the infinitesimal symplectic transformatiorH 



ml 

£=0 ym>0 

then we have A = exp(^^>Q SfcC^), so Vtw ~ ^(J^un) is equivalent to the 
system of diff'erential equations 

un 

OSk 

for all k, where C is the cocycle coming from commuting the z terms of A 
past the 1/z term of Ck] see the discussion in Section 1.3.4 of Since 
we only seek equality up to a scalar factor, we can absorb the cocyle into 
the definition of Ck and prove that dVtw/dsk ~ Ck'Dtw- We will use the 
orbifold Grothendieck-Riemann-Roch (oGRR) formula|j (see Appendix A 
of pJ7| for the statement) to determine dVtw/dsk and identify it with an 
explicit expression for Ck- 
Specifically, we have 

(19) = X] — (t, . . . ,t;chA:(ii7r*7') c{R-K^T))g,n,dT>tw, 
OSk J 

g,n,d 

and oGRR will be used to compute the contribution from chfc(ii7r^,T). As 
remarked in Section 7.3 of [17j, the moduli stack A^^ ,j(P^, d) can be embed- 
ded in a smooth stack A4 over which there exists a family U of orbicurves 
pulling back to the universal family ^ over Ml^n{F^,d). Therefore, we lose 
no information if we assume that the moduli stack itself is smooth, in which 
case ch(i?7r*T) = ch^Rn^T) and oGRR states that 

(20) ch(i?7r,r) = /^,(ch(r)fd(r^)). 

This splits into several terms according to the decomposition of into 
twisted sectors: 

n 

= u |J(^/^^ u ^/^^) u ( u ir(2)). 
1=1 

Here, J^.*-'^^ is the sector corresponding to the element /i G Z3 = {0,1,2} 
of the isotropy group at the ith marked point and 2f^^^ is the sector cor- 
responding to the element h of the isotropy group at the substratum of 



The fact that this transformation is infinitesimal symplectic is required for the quan- 



tization to be defined; it follows from the same argument as in Lemma 4.1.3 of [ITJ 
'^An alternative, and perhaps shorter, proof can be obtained by passing to the 1 
underlying curve and applying the usual GRR formula, as in J_^. 
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nodes. Applying this decomposition to the right-hand side of (120]) shows 
that ch(i?7r*T) equals 

n 2 2 

7r,(ch(r)Td(r^))+^^7r,(ch(r)T^(T^)|^w)+5]7r,(ch(r)fd(r^)|^,,,). 

i=l I ' 1=1 

The contribution from the nontwisted sector can be computed via a com- 
putation nearly identical to that of Proposition 1.6.3 of [8]; the result is: 



^Jch(r) Td^(L„+i)-^Si, 



i=l 



Td^(iV^) 



'Td^(L 



+ 



+ 



Td^(L_ 



We have identified the universal family with „_,_;^(P^, d)', in which the 
prime indicates that the last marked point has multiplicity 1. In the second 
term, Sj denotes the inclusion of the divisor Aj of the ith marked point and 
Ni denotes the normal bundle of Aj in 'if. In the third term, i : Z' — >■ is 
the composition of the inclusion i : Z —?■ 'rf oi the singular locus with the 
double cover 'j : Z' Z consisting of choices of a branch at each node; also, 
L± are the cotangent line bundles to the two branches of a node and ■i/'± are 
the first Chern classes of these line bundles. 

Accordingly, we can split chfc(i?7r*T) into a codimension-0, codimension- 
1, and codimension-2 term, and we compute each separately. 

5.2.2. Codimension 0. Since T^^ ^ wiog O we have 

ch(T) = exp(f )exp(-£^), 
where K = ci(a;iog). Thus, the codimension term of ch(i?7r*T) is 
7r,(exp(f ) exp(-^)TdV(I„+i)). 



The contribution from the codimension term to (jl9p . then, is 'Dtw times 
the following, in which the superscript • denotes invariants in which the last 
marked point has multiplicity 1: 



E 

g,n,d 
g,n,d 

^E 

g,n,d 



nl 



t, . . . ; vr* ( exp(^) exp(-^)Td^(L„+i; 



fc+i 



c{R'iT^T) 



g,n,d 



vr t, 



(exp(f )exp(-f )Td^(L„+i)),^^ c{R7r,T)) 



(exp(f ) exp(-f )Td^(L„+i)),_^^ ; c{Rn,T) 



Now, under the identification of the universal family with „(P^, d)', K 
is identified with V'n+i- Furthermore, vanishes on the image of each 



g,n+l,d 
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CTj* with 1 < i < n, SO the above is equal to 



g,n,d 



2^ - — —M* 



g,n,d 



(n- 1)! ' 



. . . , (exp(--f )fc+i; c(i?7r*T))g,n+i,d 



g,n4 



(n- 1)! 



exp(|)exp(-f)Td^(L„ 



; c(RiT^,T) ) 

/c,,n,d 



(n-1)! 



^ " -.M (t,---,t,exp(-f )fc 

(t, t, (exp(^) exp(-f )TdV(L3))fc+i; c(i?^*r) 



0,3,0 



(exp(^)) exp(-f )TdV(Li))fc+i; c(fl7r,r) ) 



/ 1,1,0 



The last two summands are known respectively as the genus-zero and the 
genus-one exceptional terms. Since ifj^ vanishes on A^q3(P^,0), the genus 
zero exceptional term equals 



1 



77^(exp(-f )fc+iq, q)tt«- 



The rank of R-k^T is zero on A^f i(P\0), so the genus-one exceptional term 
does not depend on s^- It is easily computed, but it will yield only a scalar 
factor and hence does not affect our present computation. 



5.2.3. Codimension 1. Since K vanishes on the image of o",* for all i, we have 
ch(T|^.) = exp(— /*i7/3). Thus, the untwisted contribution to chfc(i?7r*T) 
from the ith marked point is 



-TT* { exp(-A5^) Sj* 



7r*Si* ( exp(-^) 



Td^(i:,) 



If (Tj : Al^ „(P^,c?) -> Aj is the ith section, then we have ai^a* = 3 • id and 
/ o (Tj = evj. Furthermore, Lemma 7.3.6 of [T7] shows that <J*N^ = Li. 
Since ev^ is zero away from the summand H^.(¥^) R where rrii is the 
multiplicity of the zth marked point, the above can be rewritten as 



-^exp 



Td^(^0 



(The evaluation map has been suppressed as this will appear as an insertion 
in twisted invariants.) 
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The two nontwisted sectors together contribute 

E..(ch(r)Td(T.)|^,.,) = E..». ^^^-j-^—^j , 

where T^^-* is the subbundle of T in which the isotropy group acts by 

This is either ah of T or is rank zero, depending on whether £ = nii, so we 

can write the above as 

i<m<2 e ^ e'^« 



where we have used cxj as above and again suppressed the evaluation. It is 
straightforward to check that for each £, 

^ = ^ t. 

l<m<2 ^ 

where = e~3~. Applying this to the above twisted codimension-1 contri- 
bution and adding it to the untwisted part, we obtain 

exp(-^)5^(If 

- < ■ 

m>l 

In other words, if Am is the operator on Htw given by 

2 
1=0 



^™ = 0exp(-4^)i?, 
then the total codimension-1 contribution to dVtw/dsk is 



E|S( t.....t;c(ii..T)) A 

g,n,d ^ '' \ \m>l 



■'tw 

k ' g,n,d 

5.2.4. Codimension 2. The same exact proof as in [8j shows that the un- 
twisted codimension-2 contribution to chfc(i?7r^,T) can be expressed as 

1 / ch(ru) / 1 L.i + ^ L.i 

2 * * + ^_ Ve^+ - 1 ^p+ 2 e^- - I V- 2 
To determine the twisted part, we must calculate the invariant and moving 

parts of l*Tt^. These can be computed by pulling back the Koszul resolution 
of the normal bundle of Z in ^ to the double cover Z' , yielding the exact 
sequence 

(22) ^ L+ (g) L_ ^ L+ e L_ ^ i*T^ Oz' Oz' 0. 

Since the isotropy group acts by —1 on both and L_, it acts trivially on 
their tensor product and nontrivially on their direct sum. Thus, in i^-theory 
we have 
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and 

By oGRR, then, we compute the twisted codimension-2 contribution to 
chfc(i?7r^,T) to be the degree-A; part of the following: 

2 

^^,(ch(r)Td(T^)|^,„)) 

m=l 

1 ^ / 2ni^^ eM-^^^^) e^++^- - 1 



m=l Y / i f \ 

Here, m^oAQ is the locally constant function on Z' giving the action of the 
isotropy group at the node on T. The identity ([2T]) can again be applied to 
simplify this expression; if mnode 7^ 0, then we obtain 

1 / expf- -^'"'""""' ) / 3e'""°dc 1 3e(3-mn„de)^- 
-1 + - — + 




2 I + ^- I e3^- - 1 -0+ e3'/'- - 1 
which when added to the untwisted codimension-2 contribution is 

3 / exp(-ff("^"°dc)) / BJ^1^\_^ Bmjl - 
2 ""^'M + 1 ^2 ^ 

In fact, the same holds, via a slightly different computation, when mnode = 0. 

Adding this to the untwisted part and using the identity i?m(l — x) = 
{—l)'^Bm,{x), one finds that the codimension-2 contribution to dVtw/dsk is 
Vtw times 

r 

, , 1 Q'^fi^'^ / 

g,n,d \ 



/ . ml 



m>2 



m — 1 

"■tp 



The idea at this point is to apply the same argument as in Theorem 
1.6.4 of [8] (see the heading "Codimension-2 terms") to decompose (I23p 
into a sum over the moduli spaces corresponding to the two sides of the 
node. It is important to notice, however, that the relevant decomposition 
property in this setting is slightly different. Namely, if D denotes the locus 
in Al^ „(P^,(i) of curves with a separating node in which the two branches 
have genera gi, rii marked points, and degrees di (for i = 1, 2), then 



9 3/ evt(0i)vr • ■■ev*MrnCiR7T,T) 



D 




I ■■■ c{Rtt^T) 3 / ■ • • c{Rtt^T) 
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where the integrands on the right-hand side depend on which marked points 
he on which components in D and in all cases the integral is against the pull- 
back of the virtual class under p. The proof of this equality is an application 
of the projection formula to the gluing map 

which has degree 3. An analogous computation shows the decomposition 
property for nonseparating nodes. 

In particular, the factor of 9 appearing in (j23p also appears in the decom- 
position property for twisted correlators, so ([23]) can be expressed as 



^tn /aunM 

ni,n2 
d\ ,d2 

. . . ,t;c(i?7r*T)) Vtw 

I 92, "2 + 1, 22 

Tl. \ / g—l,n,d 

g,n,d r,s,a,p 



where the g's are determined by the requirement that q'j^(j)a'ip^+^Qs4'(3'4''^- 

r,s,a,l3 

equals 

and is the inverse of the matrix for the twisted Poincare pairing. 
By Appendix C of [I^ , this equals 

2 

for 



r — £D \ " 3 I //<^) N ^m-l 

'^k-k^l^ , exp( — ^)fc+i-„z 



^=0 m>l 



5.2.5. Putting everything together. The sum of the codimension-1 and nonex- 
ceptional codimension-0 contributions is 

E 7^^^*' (^^P(^) exp(-f )Td^(L„))fe+i; c(i?7r,r) 

r\diig—\ p _ -, 

(24) - E 7^^(t'---'t'exp(-f [i|)]^;c(i?vr,r)WA^ 

g,n,d 
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g,n,d 



(n-1)! 



^-^ 777,! 



t,...,t;c(i?7r*T)y Pto. 

fe g,n,d 



Using that 



exp(-f) 



J)k+1 



0exp(-^)fc+i 



f=0 



t(V')_- to 



and 



3 



1 



1 Z 



m>l £=0 

we find that the sum of the second two terms in (1240 is times 



eV^- 1 



, . . . ; c{Rtt^:T) 



g,n,d 

Also, keeping in mind that 1 G H^(F^), we find that the contribution from 
the remaining codimension-0 nonexceptional term is equal to 



(exp(V^/3) exp(-///3)Td^(L„))A:+i 



exp( 



5^ _ 1 



'exp(-f )e^'^^ 



eV" - 1 
J2o<e<2 



k+l 
lip 



exp(-^)ei'^^ 



3^ _ 1 



lip 



Therefore, the sum of the codimension-1 and nonexceptional codimension-0 
terms is Dtw times 



E 

g,n,d 



(n-1)! 



'E 



2'/' - 1 



q(V') 



, . . . ; c{Rtt^T) 



and the computations in Example 1.3.3.1 of [8j shows that this equals 
-dc^Vtw for Ck as above. 

Combining everything, we have proved that 



dsk 



2h 



which is part (a) of the proposition. 

The proof of part (b) is nearly identical and somewhat simpler, since there 
is only one nontrivial twisted sector associated to each marked point and to 
the divisor of nodes, so we omit it. □ 
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5.3. Landau- Ginzburg /-function. As in [8], and one can define 
a certain hyper geometric modification Itw of the untwisted J-function in 
such a way that the family A~^/t^„(t, —z) hes on the untwisted Lagrangian 
cone Cun', in hght of the above, it follows that Itw{t-, —z) € Ctw When we 
take a nonequivariant limit A — )• and set the parameters Sk as in (|17p . we 
will obtain a family lying on Chyb^ and in fact, this family will determine 
the entire cone just as the hybrid J-function does. 

As usual, we will define Itw only in the case of the cubic singularities, 
commenting only briefly on how to apply the same procedure to define Itw 
in the other case. 

5.3.1. Setup in cubic case. First, decompose Jun according to topological 
types, as in [9]. The topological type of an element of some M^g ^i^^^d) is 
the triple G = (g', d, i), where g is the genus of the source curve, d is the 
degree of the map, and i = (ii, . . . gives the multiplicities of the line 
bundle at each of the marked points. Let Jq be the contribution to Jun 
from invariants of topological type 0, and write 

Jun{t,z) = Jeit,z), 
e 

where the sum is over all topological types 

Let us also fix some notation, again mimicking [9]. Set 



k>0 

for any x G V^. For a multiplicity h € {0, 1, 2}, let 

denote the dilation vector field on H^{¥^), where for t = tQ+tiz+t2z'^ + - ■ ■ G 
-f^GVi^[N] we write 



0<a<l 
0<h<2 



with {(f)i} denoting a basis for i/^(P ). Also, set 



ml k\ 

k,m>0 



Gy{x,z) = ^ Sk+r 
k,m>0 

for y £ Q and x € Htw, where z denotes the variable in Vtw, as usual. 



^'^The z + t term in Jun{t,z) should be understood as contributing to the unstable 
topological types corresponding to (g, n, d) = (0, 1, 0) and (0, 2, 0). 
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For each topological type Q, let in be the multiplicity that is equal modulo 
3 to —in- Set 

= 3 + T 

Note that this is an integer, since it equals either 

-2 + n-d- ij 
3 ' = deg(|L|) 

or deg(|L|) + 1 depending on whether in is zero or nonzero. Thus, we can 
set 

Me 



n exp(s(-^ + (m-^).) 

-OD<m<NQ 

n exp(s(-^q^ + (m-S)^)) 



— oo<m<0 

Note that these definitions of A'^e and Mq are direct generalizations of those 
appearing in [9], and the same proof shows that the properties in Lemma 
4.5 and equations (12) and (13) of that paper still hold. 

5.3.2. Quadric case. The definitions of s(x) and Gy{x, z) remain unchanged 
in the case of the quadric singularities, while the dilation vector field on 
-fr^(P^) changes only in that the summation runs over a basis for H*{¥'^), 
so < a < 3. As for A'^e, we should now take in to be equal to —in modulo 
2, which is the same as setting in = in- The resulting definition is: 

-2 + - - E"=i^ , in 

Nq = . 

^ 2 2 

Similarly, 

n exp(s(-i^^ + (m-^)z) 

, , -oo<m<Are 
Mq = 



-oo<m<0 



JJ exp (s(-^^^ + (m 



Once again, the necessary properties of these expressions follow direct from 
the analogues in j9]. 



5.3.3. Twisted I -function. In either of the two cases under consideration, 
define 

/to(t,z) = ^M©(z) Je{t,z). 
e 

The hybrid /-function will be defined by putting Sk to the values in (fTTl) . 
taking A — )• 0, specializing to multiplicity- 1 divisor insertions with no V 
classes, and multiplying by a factor. 
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Theorem 5.3.4. (a) For the cubic singularity, define 



l<b<d 

r , 2:6^"+'+ ^ b=d+l mods 

hybit, Z)= 2^ 



d^-l mod 3 l<f,<d 

mod 3 

w/iere t = t + Oz + Oz^ H e V^^^^ and t e F^(pi). T/ien f/ie /amf/y 

Ihyb{t, —z) of elements ofVhyb H^s on the Lagrangian cone Chyb- 
(h) For the quadric singularity, define 



hyb{t, Z)= ^ 



mod 2 l<f,<d 

b^d+1 mod 2 

where t € //^(P'^). T/ien i/ie family Ihyb{t, —z) of elements ofVhyb H^s 
on the Lagrangian cone Chyb- 

Remark 5.3.5. These /-functions have expressions in terms of the F func- 
tion, which can be useful for computations- see the appendix. 

Proof. We win begin by proving that Itw(i,—z) lies on Ctw for the cubic 
singularity, and then show how to obtain Ihyb from Itw As usual, everything 
we say will carry over to the quadric case with only minor modifications, so 
we omit the proof. 

Using equations (12) and (13) of [9], it is easy to check that 

Me(-z) = exp (Go (-^ + fz, - Go (-^ + (f - Ne)z, z 
= exp (g^ {-^,z) - Go (-^ + (I - Ne)z, z 
Furthermore, 

A = 0exp(G. (-^,.)). 

e=o 

Given that A{Cun) = Ctw, the desired statement is equivalent to the 
statement A~^Itw{i, —z) G Cun- Using Lemma 4.5(1) of [9j and the above 
expression for Mq(—z), this is equivalent to 

^ exp (-Gi (^-Mfl + lz- ^I^^^z, ) Je(t, -z) € Cun- 
Now, we can write 

I]j=i (1 - _ no _ ^2 
3 ~ 3 3 ' 
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and Lemma 4.5(2) of [9j says that uq and n2 act on Je in the same way, 
respectively, as D^q) -^(2)- Furthermore, — + acts on Jq in the 

same way as does —zV ^(j^) . So if L> = |i^(o) — 3-^(2) > can re-express 

3 

the desired statement as 



(25) exp (^-Gi yz^-f - zD, zj j Jun{t, z) G Cun, 

where H = H^^^ + H^^^ + 

Denote the expression in ((25]) by Js(t, —z). To prove that Js(t, —z) G >Cnn 
is to show that 

Sj-(Js(t,-z)) =0 

for all j, where -Ej are the functions Vun H^n given by 

Following [9], we will prove this by induction on the degree of the terms 
in Ej{Js){t, —z) with respect to the variables s^, where the degree of Sk is 
declared to be A; + 1. 

The terms of degree vanish, as such terms are constant with respect to 
the Sk and vanish when all Sk are because Jo = Jun- Assume, then, that 
Ej{Js{t, —z)) vanishes up to degree n in the variables Sk- To show that it 
vanishes up to degree n + 1, we will show that -^Ej{Js{t, —z)) vanishes up 
to degree n for all i. We have 

-^EjiUt, -z)) = dj^(t,_,)^,(z~iPiJs(t, -z)), 

where 

= - E ^T-Tl ^^'"i?„^(0)(-^A_H - zDr+^-"^. 

^-^ m\(i + 1 — m)\ 3 

The inductive hypothesis implies the existence of an element Js(t, —z) G Cun 
that agrees with Js(t, —z) up to degree n in the s^, and hence satisfies 

-z) = dj^^^ _^^Ejiz-'P,l{t, -z)) 

up to degree n in these variables. It suffices, then, to show that the right- 
hand side of this equation is identically zero, or in other words that 

PiJs^^i -Z) G zTj^^^^_^^/lun — ^un ^ '^Jg(t,—z)^'^^' 

Let T = Tj __^^^Cun- Breaking Pi up into a sum of terms of the form 

Cz'^izV^nfizDY 
3 

for a coefficient C and exponents a, b, and c, it suffices to show that z, 

z'V_H_, and zD all preserve zT. In the first case, this is because zT = 

3 
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Cun n T C T and hence z{zT) C zT. In the second case, the operator V h 
is a first-order derivative and hence takes Cun to T; it follows that V__h. 

3 

takes zT = Cun HT C Cun to T also, and hence -zV__h. takes zT to zT. The 

3 

same argument applies to the operator zD, so this completes the proof that 
—z) e Ctw in the cubic case. 
Now suppose we set Sk as in (fT7|) . so that c(— = ec*(^^)^, and take 
a limit A — > 0. It is easy to check via the Taylor expansion of the natural 
logarithm that in the cubic case, we get 

n {^+if-m)zy 

Me{z) = = 

n {^+Cf-m>) 

—oo<m<NQ 

Restrict t to allow only those insertions in Hl{F^) with no tp classes; in this 
case, 

which is always nonpositive, and i„ = d + 1 mod 3. Thus, we obtain 
Me{z)= n + ' 

0<6<d±i V / 
{b}={^} 

where we use the convention H^''^ = H^^ '^"'^ \i h > 3. Notice that if 
d + 1 = mod 3, then one of the factors in the above product is 6 = 0, in 
which case the product is because = 0. Thus, Mq){z) vanishes in these 
cases 

Set t = to + Oz + Oz^ + • • • . Since Junit,z) is the small J-function for 
P^, we can compute jQ(t,z) explicitly in every case where G corresponds 
to a nonempty component of the moduli space. Indeed, Givental's Mirror 
Theorem for states that 



Using the string and divisor equations, then, one can show that 



ndA— — -+d)t 



^^In fact, we already knew that this had to be the case, because the fact that 
Itui{t, —z) £ Ltm imphes that hwit, z) differs from the small hybrid J-function by a change 
of variables, and the hybrid invariants vanish if any insertion is broad. 
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which imphes that 



e with degree d < J \ ' JJ 

Since all with the same degree yield the same Mq, namely 

^ l<6<d 
b=d+l mod 3 

we obtain a formula for Itw{t, z). Writing = (0, d, (1, . . . , 1)) (with k I's) 
and taking Q ^ 1 as is done in the Gromov-Witten setting, the formula is 



r u \ sr^ ze'^ ^ ^ ' b=d+l mods 

Itw{t,Z)= 2^ 



.>o 36^fj n 

d^-l mod 3 l<b<d 

b^d+1 mod 5 

Multiplying by e*, which preserves Chyb because it is a cone, gives the func- 
tion Ihyf, of the statement. An analogous computation shows that the hybrid 
/-function in the quadric case is as stated. □ 

5.4. Relating the LG and GW /-functions. Equipped with an explicit 
expression for the hybrid /-functions and having proved that they lie on 
the respective Lagrangian cones jCtyj, we are finally ready to prove the main 
theorem of the paper: 

Proof of Theorem \l.l.l\ We have shown that Ihyb{t,—z) lies on the La- 
grangian cone Chyb- The property (1161) implies that the /-function is charac- 
terized by the fact that Jhybit, —z)£ Chyb together with the first two terms 
of its expansion in powers of z: 

Jhyb{t,-Z) = -l'^^^Z + t + 0{z~^). 

Using the formula for Ihybit,z), it is not difficult to show that it can be 
expressed as 

ihybit, z) = ■ 1(1) • z + 4y\t) + O(z-i) 

for C-valued functions w^^^ and 1^2^^. These can be calculated explicitly, but 
the computation is tedious and not strictly necessary to prove the LG/CY 
correspondence, so we relegate it to the Appendix. 
Having obtained such functions uj^'^'', we have 

- _l(l) . , + ^2'\i) , Q(^-U 
(t) [t) 
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and this still lies on Chyb because it is a cone. So by the uniqueness property 
of Jhyb, we have 



(26) 



hybit, —z) 



Jhyb{t', -z), where t' 



This is the change of variables relating the hybrid /-function and J-function. 

As for the symplectic transformation matching Ihy^, with the analytic con- 
tinuation of Igw 1 the comments in the Introduction show that it is sufficient 
to prove that the hybrid /-function assembles the solutions to the Picard- 
Fuchs equation 



(27) 



dtp 



d 



1 



di; 3 

for the cubic singularity, where ip = e^^, or 

5X4 



d_ 

dip 



F = 



F = 



for the quadric singularity, where ip = e^^ . As usual, we prove only the first 
of these statements. 

Split Ihyii into two parts corresponding to the two narrow summands of 
Htw, changing the variable of summation in each: 



(3d+l+4il)t l<6<3<i 
ze^ ^ b=\ mod 3 



JJ (//(I) + hzf 



Ihybit,z) 

d>0 



32d 



n (^^'^ + bzf 



l<b<3d 
b=0,2 mod 3 



(3d+2+Sl£l)t l<b<3d 
Ze^ ^ ' b=2 mod 3 



d>0 



32d- 



H (//(2) + bz)' 



l<b<3d 
fe=0,l mod 3 



The claim is that, when we set ip = e^^, each of these summands separately 
satisfies (j27p as a cohomology-valued function. For the first summand, let 
be the contribution from d: 



'^d = z 



^ , 1 I 



Yl (//(^) + bzY 



32d 



Yl (//(I) + bzf 



l<b<3d 
=0,2 mod 3 
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By computing the ratio '^d/'^d-i, it is easy to check that 

4 „ , n2 



Jj-(d+i) 

32 



But the operator acts on '^j^ by multiphcation by ^ ^3^ ^ + d + , so 
the above can be expressed as 

,iL)%,_,.3V'(4-i)^(4j)%. 

It follows that if one applies the Picard-Fuchs operator in ()27p to the first 
summand of Ihybit, z), all but possibly the ^'o summand will be annihilated. 
In fact, though, it is easy to see using the fact that = that ^'o is also 
killed. Thus, the Picard-Fuchs equation holds for this summand, and an 
analogous argument proves the same claim for the second summand. □ 

Appendix: Explicit mirror map 

In order to explicitly compute the change of variables (j26p . it is necessary 
to find the coefficients of and in Ihyh{t,z). Let us do this first in the 
cubic case. 

Using the identity 

r(i + f + £) ' ^ , ^ 

^ k = l 



one can rewrite Ihyb as 



E 



d>0 ^ \ 3z ^ \3 / ^ 3 

d=— 1 mod 3 

It is easy to see from here that the only terms that contribute to the coef- 
ficient of either or z^ are those with d = mod 3. In particular, if we 
expand the function 

r(2 + (f) + i)6r(ry + d + if 

d=0 mod 3 

in powers of r], then 
and 

it) = F'iO) = e(3'^+^)^ ^^,^g+j^' J 2r-(d + 1) + 2Tid + i)^(l) 
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-2r(c?+i)V'(|)-2r(d+i)V'(3c?+i)+ir(c?+i; 

where tp is the digamma function, the logarithmic derivative of F. 
The same argument shows that in the quadric case, one has 

d>0 



and 

1^6 

d>0 " ^2 



-4r(d+i)V'(i)-4r(d+i)V'(2d+i)+ir(d+i)Y 



where 



d>0 
d=0 mod 2 



References 

[1] H.-L. Chang and J. Li. Gromov-Witten invariants of stable maps with fields. Inter- 
national Mathematics Research Notices, 2012(18) :4163-4217, 2012. 

[2] H.-L. Chang, J. Li, and W.-P. Li. Witten's top Chern class via consecution localized 
virtual class. In preparation. 

[3] A. Chiodo. Witten's top Chern class via K-theory. arXiv preprint math/0210398, 
2002. 

[4] A. Chiodo. Stable twisted curves and their r-spin structures. In Annales de I'lnstitut 

Fourier, volume 58, pages 1635 1690. Chartres: L'lnstitut, 1950-, 2008. 
[5] A. Chiodo and J. Nagel. In progress. 

[6] A. Chiodo and Y. Ruan. Landau-Ginzburg/Calabi-Yau correspondence for quintic 
three-folds via symplectic transformations. Inventiones mathematicae, 182(1):117- 
165, 2010. 

[7] A. Chiodo and D. Zvonkine. Twisted Gromov-Witten r-spin potential and Givental's 

quantization. arXiv preprint arXiv:0711.0339, 2007. 
[8] T. Coates. Riemann-Roch Theorems in Gromov-Witten Theory. 

http://math.harvard.edu/ tomc/thcsis.pdf, 1997. 
[9] T. Coates, A. Corti, H. Iritani, and H.-H. Tseng. Computing genus-zero twisted 
Gromov-Witten invariants. Duke Mathematical Journal, 147(3) :377-438, 2009. 

[10] H. Fan, T. Jarvis, and Y. Ruan. The Witten equation and its virtual fundamental 
cycle. arXiv preprint arXiv:0712.4025, 2007. 

[11] H. Fan, T. Jarvis, and Y. Ruan. The Witten equation, mirror symmetry and quantum 
singularity theory. arXiv preprint arXiv:0712.4021, 2007. 

[12] H. Fan, T. Jarvis, and Y. Ruan. Geometry and analysis of spin equations. Commu- 
nications on Pure and Applied Mathematics, 61(6):745-788, 2008. 

[13] A. Givental. A mirror theorem for toric complete intersections. Progress in Mathe- 
matics, 160:141 176, 1998. 

[14] P. Johnson. Equivariant Gromov-Witten theory of one dimensional stacks. ProQuest, 
2009. 



44 



EMILY CLADER 



[15] Y.-H. Kiem and J. Li. Localizing virtual cycles by cosections. arXiv prepnnt 

arXiv: 1007. 3085, 2010. 
[16] A. Polishchuk and A. Vaintrob. Algebraic construction of Witten's top Chern class. 

Contemporary Mathematics, 276:229-250, 2001. 
[17] H.-H. Tseng. Orbifold quantum Riemann-Roch, Lefschetz and Serre. arXiv preprint 

math/0506111, 2005. 

[18] C. Vafa and N. Warner. Catastrophes and the classification of conformal theories. 

Physics Letters B, 218(l):51-58, 1989. 
[19] E. Witten. Phases of N = 2 theories in two dimensions. Nuclear Physics B, 403(1):159- 

222, 1993. 



